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SOME TERNARY CODES

EIICHI BANNAI, TSUYOSHI MIEZAKI, AND HIROYUKI NAKASORA*

ABSTRACT. Let C be a two and three-weight ternary code. Further-
more, we assume that Cy are t-designs for all ¢ by the Assmus-Mattson
theorem. We show that ¢ < 5. As a corollary, we provide a new charac-
terization of the (extended) ternary Golay code.
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1. INTRODUCTION

In the present section, we explain our main results. Throughout this
paper, C' denotes a ternary [n, k, d] code and we always assume that a com-
binatorial t-design allows the existence of repeated blocks. Let C* be a
ternary [n,n —k,d"] dual code of C. We set C,, := {c € C | wt(c) = u}. We
always assume that there exists ¢ € N that satisfies the following condition:

(1.1) At —t=t{u|Cy #0,0 <u<n-—t}

This is a condition of the Assmus-Mattson theorem (see Theorem 2.1),
which we call the AM-condition. Let D, and D;; be the support designs of
C and C* for weights u and w, respectively. Then, by (1.1) and Theorem
2.1, D, and D;. are t-designs (also s-designs for 0 < s < t) for any u and
w, respectively.

Let C satisfy the AM-condition. The main results of the present paper
are the following theorems. For a two or three-weight code, we impose
restrictions on d+ and t.

Theorem 1.1. Let C be a two-weight ternary code. If C satisfies the AM-
condition, then one of the following holds:

(1) d+ =5 and C is the dual of the ternary Golay code [11,5,6] with
t=4 or
(2) dt <4 andt < 3.

Theorem 1.2. Let C be a three-weight ternary code. If C satisfies the

AM-condition, then d- <6 andt <5.

*Corresponding author.
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2 EIICHI BANNAI, TSUYOSHI MIEZAKI, AND HIROYUKI NAKASORA*

Theorem 1.3. Let C be a three-weight ternary code, which has a weight n
vector. If C satisfies the AM-condition, one of the following holds:

(1) d*+ =6 and C is the extended ternary Golay code [12,6, 6] witht =5
or
(2) d- <5 and t < 4.

It is interesting to note that Theorems 1.1 (1) and 1.3 (1) provide a new
characterization of the (extended) ternary Golay code.

Let us explain the next result of the present paper. We introduce the
following notations. Let D,, be the support design of a code C' for weight w
and

§(C) := max{t € N | Yw, D,, is a t-design},
s(C) := max{t € N | Jw s.t. D,, is a t-design}.

We note that §(C) < s(C). In our previous papers [7, 12, 19, 20, 21, 22,
23, 24], we considered the possible occurrence of 6(C) < s(C'). This was
motivated by Lehmer’s conjecture, which is an analogue of §(C) < s(C)
in the theory of lattices and vertex operator algebras. For the details, see
[5, 6, 8, 14, 16, 17, 19, 26, 27].

In [23], for an extremal Type III or IV code C’, we prove the case §(C’) <
s(C") does not occur. In [24], for a near-extremal Type I code C” of length
n =0 (mod 8), we prove the case of §(C") < s(C") occurs if and only if C”
is the unique near-extremal Type I [16,8, 4] code.

Therefore, in the present paper, we considered the possible occurrence of
§(C) < s(C). For cases in which d+ —t = 1,2 or 3, the following theorem
provides a criterion for n and d such that 6(C+) < s(C+) occurs. Let d = dj,
and ds and d3 be the second and third weights of C, respectively.

Theorem 1.4. Let oy =n—dy— (t+1) and fp=dg— (t + 1) for £ =1,2
or 3.

(1) Let C satisfy the AM-condition with d- —t = 1. Let w € N such

that
£ #(2) ()0

i+j=w

Then D,y is a (t + 1)-design if Ci-yy,q is non-empty.
(2) Let C satisfy the AM-condition with d- —t = 2. Let w € N such
that

£ ) ()2 ()

Then D,y is a (t + 1)-design if Cikyy,q is non-empty.
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A NOTE ON THE ASSMUS-MATTSON THEOREM 3

(3) Let C satisfy the AM-condition with d- —t = 3. Let w € N such
that

> (2(7) () -2ma () v (D)

i+j=w
do —dy_; (s B3\ _
T dy” <z) -(—1)J<].>> -

Then Dy, is a (t + 1)-design if Cyyy\q is non-empty.

This theorem strengthens the Assmus—Mattson theorem for particular
cases. We note that parameters n, d;, and w that satisfy the condition
in Theorem 1.4 are listed on the homepage of one of the authors [18]. In
particular, we present the following corollary:

Corollary 1.5. Let C satisfy the AM-condition in Theorem 1.4. For n <
10, in Miezaki’s homepage [18], we provide the parameters n, d;, and w such
that 6(C) < s(C) occurs.

This paper is organized as follows: In Section 2, we provide background
material and terminology. We review the concept of harmonic weight enu-
merators and theorems of designs, which we use to prove the main results.
In Sections 3, 4, 5, and 6, we give proofs of Theorems 1.1, 1.2, 1.3, and 1.4,
respectively. Finally, in Section 7, we conclude the paper with remarks.

We performed all the computer calculations in this paper with the help
of MAGMA [9] and MATHEMATICA [28].

2. PRELIMINARIES

2.1. Background material and terminology. Let [F, be the finite field
of ¢ elements. A linear code C over Fy of length n is a subspace of Fy. A
ternary linear code C' of length n is a subspace of F%. In the present paper,
we always assume that C' is a ternary code.

An inner product (z,y) on Fj is given by

n
(@,y) =Y @i,
=1

where z,y € F} with o = (z1,22,...,2,) and y = (y1,y2,...,yn). The
duality of a linear code C' is defined as follows:

Ct={yeF}| (z,y) =0 forall zcC}.

A linear code C is self-dual if C = C*. For x € F}, the weight wt(z) is
the number of its nonzero components. The minimum distance of code C
is min{wt(z) | = € C,z # 0}. A linear code of length n, dimension k, and
minimum distance d is called an [n, k,d] code (or [n, k| code) and the dual
code is called an [n,n — k,d"] code.

A t-(v,k, \) design (or t-design, for short) is a pair D = (X, B), where X
is a set of points of cardinality v, and B is a collection of k-element subsets
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4 EIICHI BANNAI, TSUYOSHI MIEZAKI, AND HIROYUKI NAKASORA*

of X called blocks, with the property that any ¢ points are contained in
precisely A blocks.

The support of a nonzero vector = := (x1,...,2,), ; € F3 ={0,1,2} is
the set of indices of its nonzero coordinates: supp(xz) = {i | z; # 0}. The
support design of a code of length n for a given nonzero weight w is the
design with points n of coordinate indices and blocks the supports of all
codewords of weight w.

The following theorem is from Assmus and Mattson [1]. It is one of the
most important theorems in coding theory and design theory:

Theorem 2.1 ([1]). Let C be a linear code of length n over IF, with minimum
weight d. Let C*- denote the dual code of C, with minimum weight d*-.
Suppose that an integer t (1 <t < n) is such that there are at most d —t
weights of C* in {1,2,...,n —t}, or such that there are at most d*+ —t
weights of C in {1,2,...,n—t}. Then the supports of the words of any fized
weight in C' form a t-design (with possibly repeated blocks).

2.2. Harmonic weight enumerators. In this subsection, we review the
concept of harmonic weight enumerators.

Let C' be a code of length n. The weight distribution of code C' is the
sequence {A; | i« = 0,1,...,n}, where A; is the number of codewords of
weight ¢. The polynomial

n

Wol(z,y) =Y A"y’
i=0

is called the weight enumerator of C. The weight enumerator of code C and
its dual C* are related. The following theorem, proposed by MacWilliams,
is called the MacWilliams identity:

Theorem 2.2 ([13]). Let We(x,y) be the weight enumerator of an [n, k]
code C' over Fy and let Wi (x,y) be the weight enumerator of the dual code
C*. Then

Wei(z,y) = ¢ "Welz + (g — Ly, = — y).

A striking generalization of the MacWilliams identity was provided by
Bachoc [2], who proposed the concept of harmonic weight enumerators.
Harmonic weight enumerators have many applications; in particular, the
relations between coding theory and design theory are reinterpreted and
progressed by harmonic weight enumerators [2, 4]. For the reader’s conve-
nience, we quote the definitions and properties of discrete harmonic functions
from [2, 10].

Let 2 ={1,2,...,n} be a finite set (which is the set of coordinates of the
code) and let X be the set of its subsets, where for all £ =0,1,...,n, X is
the set of its k-subsets. Let RX and RX}j denote the free real vector spaces
spanned by the elements of X and X}, respectively. An element of RX}, is
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denoted by

f=> f2)z

z€X},
and identified with the real-valued function on Xy, given by z — f(z).
Such an element f € RX} can be extended to an element f € RX by

setting, for all u € X,
fwy = > f(2).
2€Xk,2Cu

If an element g € RX is equal to some f, for f € RX}, we say that g has
degree k. The differentiation v is the operator defined by linearity from
)= >y
YyEXK_1,yCz
for all z € X, and for all k =0, 1,...n, and Harmy, is the kernel of ~:
Harmy, = ker(vy|rx, ).
Theorem 2.3 ([10, Theorem 7]). A set of blocks B C X,,, where m < n, is

a t-design if and only if Y 5 f(b) =0 for all f € Harmy, 1 <k <t.

In [2], the harmonic weight enumerator associated with a binary linear
code C' was defined as follows:

Definition 2.4. Let C be a binary code of length n and let f € Harmg.
The harmonic weight enumerator associated with C' and f is

ceC
Bachoc and Tanabe proved the following MacWilliams-type equality:

Theorem 2.5 ([3, 25]). Let W¢ (x,y) be the harmonic weight enumerator
associated with the code C' and the harmonic function f of degree k. Then

Wes(@,y) = (2y)* Ze s (2, y),
where Zc ¢ is a homogeneous polynomial of degree n — 2k, and satisfies

o wd”? r+(q—1ly z—y
Zor p(z,y) = (—1) ] ZC,f< NN )

3. PROOF OoF THEOREM 1.1

Let C be a ternary code of length n. In this section, we always assume
that C' is a two-weight code and the weight distribution of C' is “0,dy,ds”.
Before providing the proof, we present the following lemma:

Lemma 3.1. Let n,k € Z>1. The solutions of the equation
1+ 2n% = 3"

are as follows:

(n, k) = (1,1),(2,2), (11, 5).



10
11

12

13
14
15

16
17

6 EIICHI BANNAI, TSUYOSHI MIEZAKI, AND HIROYUKI NAKASORA*

Proof. We assume that k = 0 (mod 3) and = = 3¥/3. Moreover, multiplying
23, we have

(2%n)? = (2-2)® — 2%
Let Y = 22n and X = 2z. Then
Y2 =Xx3 - 2%
By MAGMA,

E := EllipticCurve([ 0, -273 1);
IntegralPoints(E);

we do not obtain any integer solutions (n, k).
Similarly, for the other cases k = 1,2 (mod 3), we obtain the integer
solutions (1,1),(2,2),(11,5). O

3.1. Proof of Theorem 1.1. In this subsection, we provide the proof of
Theorem 1.1. Let
Wo(z,y) = 2" + az""Ny™ 4 gz~ Ry

be the weight enumerator of C.
By Theorem 2.2,

Wei(z,y) =3 "We(z + 2y, — y)
=37k Z Azl
i>0

If d- > 5, then A; = 0 for i € {1,...,4}; hence, we have the following
constraints:

(3.1) Ay =0,
(3.2) Ay =0,
(3.3) As =0,
(3.4) Ag = 0.

We note that the explicit values of A; (1 <14 < 4) are listed in Section A.
Therefore, if d* > 5, then we have the constraints in Eqgs. (3.1)-(3.4).
Using Eqgs. (3.1)—(3.4), we present the following theorem:

Theorem 3.2. If dt > 5 then C is the dual of the ternary Golay code
[11,5,6].

Proof. We assume that C has d* > 5. Using Egs. (3.1) and (3.2), we write
«a and B in terms of n, di, and do, that is,

o= Q1 = Yn(n,dl,dg),
B = 1 =Yia(n,di, da).
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Similarly, using Egs.(3.1) and (3.3), we write o and 3 in terms of n, d;, and
ds, that is,
a = az = Yo (n,di, da),
B = B2 = Yas(n,di,da),

and using Egs.(3.1) and (3.4), we write  and /5 in terms of n, di, and da,
that is,

o = Q3 = YEJ,l(n,dl,dQ),
B = B3 = Y32(n,dy,dz).

We note that the explicit values of Yj; (1 <i < 3,1 < j < 2) are listed in
Section B.
Using MATHEMATICA, we obtain the solutions of

a1 = ag, a1 = a3, b1 = B2, 1 = B3.

We note that these solutions are listed in Section C. The solutions (1)—(3),
(6), and (7) are impossible. We show that if (4) and (5) occur then C is a
code with (n, k) = (11, 5).

Then using (4), Egs. (3.1)—(3.4), and MATHEMATICA, we obtain

14 2n2=3=|C|.
By Lemma 3.1,
(n,k) =(1,1),(2,2), (11,5),
and it is clear that the first two cases are impossible and the last case occurs,
which is the dual of the extended Golay code [11, 5, 6]. O
4. PROOF OF THEOREM 1.2

Let C be a ternary code of length n. In this section, we always assume that
C is a three-weight code and the weight distribution of C is “0,d1,da,ds”.
Before providing the proof, we present the following lemma:

Lemma 4.1. Let n,k € Z>1. The solutions of the equation

8 4
1+§n—2n2+§n3:3k

are as follows:
(n,k)=(1,1),(2,2),(3,3).

Proof. We assume that k = 0 (mod 2) and y = 3¥/2. Then multiplying 342
(3-4n)> —6-3(3-4n)? +8-4-3%(3-4n) + 3% - 4% = (32 . 49))%.
Let Y =32 .4y and X = 3-4n. Then
X?—6-3X%+8-4-3°X +3* .42 =Y~
By MAGMA,
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E := EllipticCurve ([0, -6%3, 0, 8%4*372, 3*4°2%x3°3]);
IntegralPoints(E);

and we obtain the integer solutions (n, k):
(2,2).
The other cases k =1 (mod 2) can be proved similarly. O

4.1. Proof of Theorem 1.2. In this subsection, we provide the proof of
Theorem 1.2. Let

We(z,y) = 2" + az"h ydl + ﬁx"*dzydz + ,yxnfdgyds

be the weight enumerator of C.
By Theorem 2.2,

Wei(z,y) =3 "We(z + 2y, 2 — y)
=37k Z Azl
>0

If d- > 7, then A; = 0 for i € {1,...,5}; hence, we have the following
constraints:

(4.1) Ay =0,
(4.2) Ay =0,
(4.3) As =0,
(4.4) Ay =0,
(4.5) As =0,
(4.6) Ag = 0.

Using Eqgs. (4.1)—(4.6), we present the following theorem:
Theorem 4.2. There is no code C with d*+ > 7.

Proof. We assume that C has d+ > 7. Using Eqs. (4.1), (4.2), and (4.3),
we write «, 3, and v in terms of n, di, and do, that is,

o= o] = Y11(n, d17d2)a
B = 1 = Yi2(n,di, da),
f)/ — '71 = Y13(’I?,, dl, dQ)

Similarly, using Eqgs.(4.1), (4.2), and (4.4), we write a, 8, and + in terms of
n, di, and ds, that is,

a=ay =Ys1(n,dy,ds),
B = P2 = Yaa(n,dy,ds),
v =2 = Ya3(n, dy, da),
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using Eqs. (4.1), (4.2), and (4.5), we write «, 3, and ~ in terms of n, di,
and do, that is,
a = az = Y31(n,dy, da),
B = B3 = Yaa(n,d1,da),
v =3 = Y33(n,d1,dz),

and using Egs. (4.1), (4.2), and (4.6), we write «, 8, and v in terms of n,
di, and da, that is,

a=as =Yy (n,di,ds

B = Bs = Yia(n,dy,do

v =4 = Yy3(n,d, ds).
Using MATHEMATICA, we obtain the solutions of

);
)

I

] = (2, 0] = (3,1 = 4,
B1 = B2, B1 = B3, f1 = Pa,
Y1 =72,71 = V3,71 = V4-

We note that these solutions are listed on the homepage of one of the authors
[18]. The solutions (1)—(7) and (14)—(20) are impossible.

We assume that (8) occurs. The other cases can be proved similarly. Then
using (8), Egs. (4.1)—(4.6), and MATHEMATICA, we obtain

8 4
1+ -n—2n*+-n*=3"=|C|.

3 3
By Lemma 4.1,
(n,k) = (1,1),(2,2),(3,3).
It is trivial that there is no code C with (n,k) = (1,1), (2,2), (3, 3). O

5. PROOF OF THEOREM 1.3

Let C be a ternary code of length n. In this section, we always assume that
C is a three-weight code and the weight distribution of C' is “0,dy,ds,n”.
Before providing the proof, we present the following lemma:

Lemma 5.1. Let n,k € Z>1. The solutions of the equation

9 —12n + 6n* = 3
are as follows:

(n,k) = (1,1),(2,2),(3,3), (12,6).
Proof. We assume that k =0 (mod 3) and = = 3¥/3. Let n = N — 1. Then
6N? = x3 — 3. Moreover, multiplying 63, we have
6'N? = 6323 — 3.6 < (6°N)% = (62)° — 3 - 6°.

Let Y = 6°N and X = 6z. Then

V?=X%-3.6%
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By MAGMA,

E := EllipticCurve([ 0, -3%673 ]);
IntegralPoints(E);

we obtain the integer solutions (n, k):
(3,3), (12,6).
The other cases kK = 1,2 (mod 3) can be proved similarly. O

5.1. Proof of Theorem 1.3. In this subsection, we provide the proof of
Theorem 1.3. Let

Wo(z,y) = 2" + ax"~Dyh 4 ga"~%y® 4y

be the weight enumerator of C.
By Theorem 2.2,

Wei(z,y) :3_ch(x + 2y, —y)
=37k Z Aixniiyi.
i>0

If d- > 6, then A; = 0 for i € {1,...,5}; hence, we have the following
constraints:

(5.1) Ay =0,
(5.2) Ay =0,
(5.3) As =0,
(5.4) Ay =0,
(5.5) As = 0.

Therefore, if d+ > 6, then we have the constraints in Eqs. (5.1)—(5.5).
Using Egs. (5.1)—(5.5), we present the following theorem:

Theorem 5.2. If d- > 6, then C is the extended ternary Golay code
12,6, 6].

Proof. We assume that C has d+ > 6. Using Eqs. (5.1), (5.2), and (5.3),
we write «, 3, and v in terms of n, di, and do, that is,

a=a; =Yii(n,dy, da),

B = p1 = Yia(n, dy, da),

v =m = Y13(n,d1, d2).

Similarly, using Eqs.(5.1), (5.2), and (5.4), we write «, 3, and v in terms of
n, di, and ds, that is,

a=ay =Ys1(n,dy,ds),
B = P2 = Yaa(n,dy,ds),
v =2 = Ya3(n, dy, da),
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and using Egs. (5.1), (5.2), and (5.5), we write «, 3, and v in terms of n,
d1, and da, that is,
o = Qa3 = }/731(”7d17d2)5
/6 = 53 - %2(n7d17d2)5
v =3 = Y33(n,di,da).
1 Using MATHEMATICA, we obtain the solutions of
a1 = az,a1 = a3, 1 = B2, 01 = B3, =2, = s

We note that these solutions are listed on the homepage of one of the authors
[18]. The solutions (1)—(3), (6), and (7) are impossible. We show that if (4)
and (5) occur then C' is a code with (n, k) = (12,6).

Then using the (4), Egs. (5.1)—(5.5), and MATHEMATICA, we obtain

o A WN

9—12n+6n? =3%=|C|.
6 By lemma 5.1,
(n,k)=(1,1),(2,2),(3,3),(12,6),

7 and it is clear that the first three cases are impossible and the last case is
8 the extended ternary Golay code [12,6, 6]. O

9 6. PROOF OF THEOREM 1.4

10 6.1. Proof of Theorem 1.4 (1). In this subsection, we provide the proof
11 of Theorem 1.4 (1).

Proof. The harmonic weight enumerator of f € Harmg,; is

We,p =az" ™ By®

:(xy)t+1a$n—d1—(t+1)yd1—(t+1),

where a € R. We set

ZC,f = amn_dl_(t'f‘l)ydl—(t-i-l).
Then, by Theorem 2.5,
(6.1) Zowp=a (w4 2y)" "N D (g — y)h= (41,
12 Let

Wor = (@y) ' Ze1 ;= sz‘iv"_iyi-
13 By (6.1),

Pw+t+1 =(constant)

s 2i<n—d1;(t+1)> _(_1)j<d1—(?+1)>'

i+j=w J
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By Theorem 2.3, if
(n—dy—(t+1 (dy— (t+1
> (") (MUY
= 1 J
i+j=w
1 then Dy, 4 is a (¢ + 1)-design.
2 ]

3 6.2. Proof of Theorem 1.4 (2). In this subsection, we provide the proof
4 of Theorem 1.4 (2).

Proof. The harmonic weight enumerator of f € Harmy; is

WC,f :axn—dl ydl + be,'n_dQ ydz

t+1(al‘n_dl_(t+1)yd1_(t+1) + bxn_d2_(t+1) d2—(t+1))

=(zy) y

where a,b € R. We set
Zoy = axnfdlf(t+1)yd17(t+1) 4 bxnfdzf(tJrl)ydg—(tJrl).
Then, by Theorem 2.5,
Zeou j=a(x + 2y)" "D (g — gy =D
+ bI(QZ} + 2y)n*d2*(t+1) (:1;, _ y)d27(t+1)

5 Since dt # ¢ + 1, the coefficients of 2" 2(t+1) are zero. Then, a’ + ¥ = 0.

Y

Then,
(62) ZCJ‘,f :a/((m + 2y)7’b—d1—(t+1) (:C _ y)dl—(t-‘rl)
_ (.%' 4 2y)nfd2*(t+1)(x - y)dgf(t+1)).
6 Let
Weoi = (@y) ™ Zoo 4 sz
By (6.2),

Puw+t+1 =(constant)

.S <2< —dy Z(t+1))_(_1>j<d1—(jt+1)>

it+j=w
- 2i<n—d2 ; (t + 1)) ' (_1)j<d2 - g;+ 1)>>.

By Theorem 2.3, if

S () ()

i+j=w N <n 4 ; t+ 1)) 1y <d2 - gt + 1)>) = 0.

7 Then DL, , is a (t + 1)-design.
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O

6.3. Proof of Theorem 1.4 (3). In this subsection, we provide the proof
of Theorem 1.4 (3).

Proof. The harmonic weight enumerator of f € Harm;; is
WC,f :axnfdlydl + bxnfdgydz + anfdgydg
=(zy) T (az®y™ + ba2y? 4 casy),

where a,b,c e R, ap =n—dy— (t+1) and fp =dy— (t+1) for £ =1,2 or 3.
We set

Zog = axalyﬁl + bxa2y52 + Cxasyﬁs‘
Then, by Theorem 2.5,
Zor g =d'(x +2y) (& — y)™

+ b (z + 2y)°2(z — y)™
+ (z + 2y)%8 (x — ).

Since d+ # t + 1,t + 2, the coefficients of 2”20+ and zn—20+D-1y are
zero. Then,

(6.3) ad+V+d =0,
CL,(2051 — ﬁl) + b’(2a2 — 52) + c’(2a3 — 53) =0.

By (6.3) and (6.4),

ds — dq
b/ — /
ds —dy"”
do — dy
’ /
Cc = d3 _ d2a .
Then,
(6.5) Zer p =d (@ +2p)™ (z — y)"
d3 - dl 6
_ 992 _ 2
%_®@+y)@ Y)
d2 - dl 6
2y) (z — y)™).
&g, E T W y)™)
Let

Weor g = (xy)Zo1 ;= sz'xn_iyi-
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By (6.5),

Puw+t+1 =(constant)
[0 (B ds —d1 <a2> (52)
X 20 ) (=) 1)7( "
1;10( <1> ( )<J> d3 — dy J
L2 —diy (a3) 1y <ﬁ3>)
d3 —ds i)
By Theorem 2.3, if

20 () - () -
d2—d1 <a3>

ds — da

_.|_

Then D;5,, , is a (t + 1)-design.

7. CONCLUDING REMARKS

Remark 7.1. (1) Are there examples that satisfy the condition of The-
orem 1.47
(2) For a two-weight code, if we assume that d+ > 5 and

Welz,y) = a" + az"~Myh + a2y,
then
> /n
14—0z—i—5=2<.>2Z
i—0 \'
Similarly, for a three-weight code, if we assume that d- > 7 and
We(z,y) = a" + aa" Dyt 4 gan=dyt 4 ypn=dsyds,
then
3\
l+a+B+y=>) <Z>2
i=0
In the case d3 = n, if we assume that d+ > 6, then
2 n—1\_,
1+0¢—|—5+'y:32< . )2%.
i=0 !
In [15], van Lint found the solutions of the following equation for

e=2,3:
~ (n i _ qk
E <Z,>2—3.

i=0
Our method provides an alternative proof.
This suggests the following conjecture:
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Conjecture 7.2. Let C be an (-weight [n.k.d] code over F, and
satisfy the AM-condition. If we assume that d+ > 2/ + 1 and

Wolz,y) =a"+ Y a” Yy,
1<i<e
then
L /n
1 = —1)" = ¢*.
+ortoar+--+ay ;<2>(q ) q
Moreover, if £ > 4, the codes corresponding the solutions of
l n '
> (5)a-vi=d
i=0
do not exist. Hence, d+ < 2¢ and t < 2¢ — 1 for ¢ > 4.

To date, we do not have a proof of this conjecture.
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APPENDIX A. VALUES OF A;

Ay = —3ady — 38da + 2n + 2an + 206n

As = 2(=1+n)n + 1/2a(3dy + 9d? — 4n — 12din + 4n?) + 1/25(3ds +
9d3 — 4n — 12dan + 4n?)

A3z =4/3(—=2+n)(—1+n)n — 1/6(18dy + 27d? + 27d3 — 16n — 54din —
54d3n + 24n? + 36d1n? — 8n3) — 1/68(18dy + 27d3 + 27d3 — 16n — 5ddan —
54d3n + 24n? 4 36dan® — 8n?)

Ay =2/3(=3+n)(-2+n)(—14+n)n+ a(1/24(-3+ d1)(—-2 + d1)(—1 +
di)dy —1/3(=2+d1)(=1+4d1)di(—di +n)+ (=1+dy)di(—1—di +n)(—di +
n)—4/3dy(—=2—dy+n)(—1—dy +n)(—d1+n) +2/3(=3 —di +n) (-2 —dy +
n)(—1—di+n)(—di+n))+B(1/24(=3+ds)(—2+ds)(—1+ds)da — 1/3(—2+
d2)(—14da)da(—da+n)+(—1+d2)da(—1—da+n)(—da+n)—4/3da(—2—da+
n)(—1—do+n)(—da+n)+2/3(—3—da+n)(—2—do+n)(—1—da+n)(—d2+n))

APPENDIX B. VALUES OF Y};

Y11 = —((2(—dan+3d3n — 2dan?))/(9d3ds — 9d1d3 + 2d1n — 6d3n — 2dan +
6d3n + 4din? — 4dan?))

Yo = (2(d1n—3d%n—|—2d1n2))/((—d1 +d2)(9d1d2+2n—6d1n—6d2n+4n2))

Yo1 = —((2(—2dan + 9d3n + 9din — 6dan® — 18d2n? + 8dan?))/((d1 —
d2)(27d1do + 27d3dy + 27dyd3 + 4n — 18dyn — 18d3n — 18dan — 72d1dan —
18d3n + 12n? + 36d1n? + 36dan? — 16n3)))
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Yoo = —((2(—=2d1n + 9d3n + 9d3n — 6d1n? — 18d32n? + 8d1n?))/((—di +
do)(27dyds + 27d3dy + 27d1d3 + 4n — 18dyn — 18d3n — 18dan — 72dydan —
18d3n + 12n? + 36d1n? + 36dan? — 16n3)))

Y31 = —((2(6dan — 27d3n — 18d3n — 9d3n + 16dan® + 48d3n? + 24d3n? —
24d2n3 — 24d%n3 + 8d2n4))/((—d1 + dg)(81d1d2 + 54d%d2 + 27d£1%d2 + 54d1d% +
27d3d3+27d1d3+12n—54d1n—36d2n—18d3n—54den —180d don—90d3den —
36d3n — 90dydan — 18d3n + 32n? + 96d1n? + 48din? + 96dan? + 120d; dan? +
48d3n? — 48n? — 48d1n? — 48dyn® + 16n)))

V3o = (2(6din — 27d2n — 18d3n — 9din + 16din? + 48d3n? + 24din? —
24dyn? — 24d3n> +8dyn*)) /((—dy + do) (81dyda + 54d3dy + 27d3dy + 54dy d3 +
27d3d3+27d1d3+12n—54dyn—36d3n —18d3n—54dan—180d; dan—90d3dan —
36d3n — 90d1d3n — 18d3n + 32n? + 96d1n? + 48d3n? 4 96dan? + 120d; dan?® +
48d3n? — 48n? — 48d1n® — 48dyn® + 16n))

ApPENDIX C. SOLUTIONS (1)—(7) IN PROOF OF THEOREM 3.2

—8n24+12n+3/8n—7—1
é (4” —V8n -7+ 1) yd2 = 3?—anj/rﬁl+5)
_ 1 _ 8n?—12n43y/8n—T+1
iy = § (40 + VBT +1), do = PR
6)di =1,n=1
Ndo=1,n=1

NN N N S S
S— SN— \’._'k/\_/\_/\_/
S
—
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